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Abstract
This is the first in a series of papers aimed at outlining an algorithm
to explicitly construct a finite quantum theory of gravity in Ashtekar
variables. The algorithm is based upon extending some properties of
a special state, the Kodama state for pure gravity, to more general
models. In this paper we analyse a simple case, gravity coupled to
a Klein-Gordon scalar field in the minisuperspace Ansatz, in order to
derive a criterion for a new semiclassical state and its corresponding
semiclassical orbits of spacetime. We then illustrate a presciption for
nonperturbatively constructing the analog of the Kodama state for a
general case, in preparation for subsequent works in this series.
1
1 Introduction
The quantization of gravity is currently an unresolved problem in theoret-
ical physics. The main obstacle to its consistent quantization lies in the
observation that the theory of Einstein’s gravity, unlike the standard model
and quantum chromodynamics, is perturbatively nonrenormalizable in met-
ric variables. This impasse has led to two main alternative approaches to
its quantization, namely string theory and loop quantum gravity. String
theory is based upon the idea that Einstein’s theory of gravity is the low
energy limit of a more fundamental theory which should rather be quantized
instead, and leads to 26 (or 10, in the case of the superstring) dimensional
spacetime. Loop quantum gravity attempts to nonperturbatively quantize
gravity in 4-dimensional spacetime in the loop representation, and has led
to many insights at the kinematic level of the gravitational phase space.
The interpretation adopted in the present and in the following series of
works for what a consistent quantum theory of gravity means, is that given
a model coupled to Einstein’s relativity in 4-dimensions, one must be able
to explicitly construct the physical quantum states for the full theory from
which all observables can be calculated. A physical quantum state is defined,
by this criterion, as a wavefunctional satisfying the quantum version of the
constraints of Einstein’s general relativity in Ashtekar variables. To explic-
itly construct such states one must quantize the theory in the Schrodinger
representation utilizing Dirac’s method for quantizing constrained systems
[17]. A good review of the background behind the Ashtekar variables and
their resulting simplifications of general relativity can be found in [20], [27].
There is one special state in the full theory of quantum gravity, known
as the Kodama state, known to exactly solve the quantum constraints to
all orders for a particular operator ordering. The fact that this state as
well solves the classical constraints exactly [21], leads to a new conjecture:
the principle of the Semiclassical-Quantum correspondence (SQC). For the
set of states for which the SQC holds, one can expect an exact solution to
the classical theory to imply a corresponding exact solution to the quantum
theory with no quantum corrections. In the case of the pure Kodama state,
the SQC amounts to the imposition of a self-duality condition constraining
the Ashtekar electric and magnetic fields to be proportional to each other
by the cosmological constant Λ.
An expansion of the Hamiltonian constraint reveals its division into a
semiclassical part Hcl and quantum corrections Hct. In the case of pure
gravity with Λ term, the quantum terms cancel out and the semiclassical
part leads directly, via the SQC, to the Kodama state. When matter fields
are present in addition to gravity, the SQC is broken due to the existence
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of induced singlar quantum terms. These singular quantum terms are the
main obstacle to the construction of a finite quantum theory of gravity in
our interpretation. The SQC can partially be restored by solving the semi-
classical part of the constraint Hcl algebraically, exploiting the polynomial
structure of the constraints in the Ashtekar variables. This feature is not
present in the metric representation of Einstein’s general relativity. How-
ever, the presence of the quantum terms indicates that Einstein’s gravity is
quantized only to semiclassical order in Ashtekar variables via this method.
In this paper we will focus on the semiclassical part of the Hamiltonian
constraint in the case that the matter field coupled to gravity is a spatially
uniform Klein-Gordon field. We will introduce the method of solution of Hcl
for this simple case and also include a qualitative analysis of the semiclassical
orbits of the resulting spacetime. Such an analysis has been exhaustively
performed [21], [26] for the pure Kodama state, revealing deSitter spacetime
as one of its orbits. The semiclassical solution for the more general case will
elucidate the relationship of the SQC to a ’generalized’ self-duality condition
for the Ashtekar electromagnetic field. This condition and the corresponding
state is similar in structure to the Kodama state, with the tradeoff being a
field-dependent ’effective’ cosmological constant.
In section 1 an outline of the construction of the Kodama state is pre-
sented along with some of the issues that we hope to address in some of the
following works, such as the its normalizability and its relation to topological
field theory. In sections 2 and 3 we then illustrate how the SQC is estab-
lished and then broken as indicated above. In section 4 we attempt to make
some ’qualitative’ conclusions of the semiclassical orbits of when the SQC
is broken, including a brief look at possible mechanisms of inflation. The
word ’qualitative’ is emphasized, as we focus more on general nonpertur-
bative functional behaviour rather than on mathematical rigor concerning
various numerical factors such as i =
√−1. In section 5 and the appendix
we show, as a preview of future work, how to convert the new ’generalized’
self-duality condition into a semiclassical state, the ’generalized’ Kodama
state incorporating matter. In the discussion, we indicate future intended
directions of research.
We must make a few notes on conventions. Firstly our use of the term
’generalized Kodama states’ is not to be confused with the use in [29] and
[30], which constructs Kodama states for pure gravity using different values
of the Immirzi parameter to label states. The use of the term in this publica-
tion will signify the generalization from pure gravity to the analogous state
when additional fields besides gravity are present. Secondly, a quick note
on the Ashtekar variables: The basic dynamical variables are a left-handed
SU(2)− connection, A
a
i and its conjugate momentum, a densitized triad σ˜
i
a
living in a 4-dimensional spacetime manifold M = Σ ⊗ R. Our convention
for index labeling is that letters from the beginning of the Latin alphabet
a, b, c, ... signify internal SU(2)− indices and that letters from the middle of
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the alphabet i, j, k, ... signify spatial indices.
2 The pure Kodama state in perspective
It was demonstrated [27] by Ashtekar that the Einstein-Hilbert action
could be transformed, via canonical transformation, into a classically equiv-








e ∧ e ∧R− + Λe ∧ e ∧ e ∧ e), (1)
where R− is the self-dual part of the Ashtekar curvature. The action can be











i − iNH −N iHi − θaGa), (2)
which is a canonical one-form minus a linear combination of first-class con-
straints. The constraints are given by the classical equations of motion for
the corresponding Lagrange multipliers, which are nondynamical fields since
their time derivatives do not appear in the action. These are the lapse den-
sity N = N/
√
dethij (where hij is the 3-metric), the shift vector N
i, and the













ci = 0 ∀x, (3)
which is the SU(2)− Gauss’ law constraint with structure constants fabc.








a(x) = 0 ∀x, (4)



















cΛ = 0 ∀x. (5)
These constraints must hold, classically, at all points x in the 4-dimensional
manifold M . We are interested in the reduced phase space for this system,
which corresponds to the physical degrees of freedom. The Hamiltonian












= 0 −→ σ˜kc = −
6
Λ
Bkc ∀k, c (6)
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which is the self-duality relation between the Ashtekar electric and magnetic
fields, somewhat analogous to the self-duality relation for the electromag-
netic field propagating in a vacuum in which Λ−1 plays the role of c, the




















a = 0 (7)
due to the Bianchi identity and to antisymmetry, respectively. To evaluate
the action on the reduced phase space we substitute this classical solution

























where F ejk = ∂jA
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i . Solving for A˙
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which can be written in covariant notation by defining ǫijk = ǫ0ijk, noting










tr(F ∧ F ) (11)
where the trace in (11) is taken over left-handed SU(2)− indices. As an
aside, I can be viewed as the deformation of an action classically equivalent



















dxν which takes its values in SU(2)−. This interpretation will be useful
in the promotion of semiclassical states to their quantum counterparts via
functional integral methods (in a subsequent work). Returning to (11), let
us rewrite the state in a more recognizable form. Applying Stokes’ theorem∫
M
tr(F ∧ F ) =
∫
∂M




where LCS is the Chern-Simons action for the left-handed SU(2)− Ashtekar
connection living on the boundary (ΣT ,Σ0) ≡ ∂M of M , we have
I = ICS [A(ΣT )]− ICS [A(Σ0)] (14)








A ∧A ∧A). (15)
A semiclassical wavefunction can be constructed from this functional by
exponentiating I, in units of i/~, evaluated on the reduced phase space. The
exponential of the Chern-Simons functional for quantum gravity is known








Notice how the requirement that the classical constraints be satisfied
at all x within M leads to a wavefunctional defined on the 3-dimensional
boundary Σ = ∂M . The argument of ΨKod is automatically defined at all
points x = (~x, t) in M , but there appears to be no inherent mechanism
to ’evolve’ the wavefunction itself in time from Σt1 to Σt2 . The classical
constraint is a global property of pure gravity with Λ on M , much in the
same way that electromagnetic waves propagate globally unimpeded through
a vacuum in Maxwell theory.
The norm of this wavefunctional is formally divergent without appro-
priate choice of integration contour due to the cubic A term. This path
integral can be computed via Feynman diagram techniques applied to the
Chern-Simons partition function by expanding A in fluctuations about a flat
connection α, A = α + β [14] and introducing a source current J ia for the
connection βai ∫
Dβ exp
[−κ−1ICS [α+ β] + 〈β, J〉], (17)
where the path integral measure is defined on the 3-dimensional boundary




i,a ~x in Σ
dβai (~x) (18)
Using the relation














we can write the partition function, in a form more suitable for perturbation
theory, as a loop expansion











where ζ(s) = ζdα(s) is the zeta function for the exterior derivative operator
d twisted by a flat Ashtekar connection α, hence exp
[−ζ ′dα(0)] = Det1/2dα,
and L(J, J) is the self-linking number of the source current J , using (dα)
−1















This is similar to the technique performed in [23] for Chern-Simons pertur-
bation theory, using Fadeev-Poppov procedures, and using a dimensionless
coupling constant
√
GΛ~ to generate a Feynman diagrammatic expansion.












( xj − yj∣∣x− y∣∣3
)
Jkb (y). (22)
Note that the Chern-Simons functional for a flat connection is related to the
winding number for a pure gauge configuration, since A is then pure gauge






g−1dg ∧ g−1dg ∧ g−1dg ∝ Deg[g(x)], (23)
the degree of the map from the spatial 3-manifold Σ to the gauge group g,
which indicates the gauge equivalence class of the Ashtekar connection under
homotopically nontrivial ’large’ gauge transformations, which is labeled by
the integers n [14]. Therefore we have ICS[α] = 8π
2n.
Assuming that one could expand a generalized Kodama state in a basis
of ’normalized’ Kodama states with cosmological constants labelled by some






then the probability of of the states Ψk1, ...Ψkn occuring in a measurement







Therefore it is important, in the computation of the partition function, to
keep track of the numerical factors which one would normally discard that
now carry a label. In the case of the Chern-Simons functional we would


























∣∣Oˆ∣∣ΨKods〉 = ∫ DAΨ∗KodrOˆ[A]ΨKods (27)











[−8π2( nΛr)]Λr−ζ(0)Oˆ[ δδJ ]exp[√Λr ∫M(det δδJ )]expL(J, J)∑
r exp




In this context it does not matter so much if the norm of a state is formally
infinite, but rather the relative norms of states and the computation of ob-
servables. For these ’physically meaningful’ quantities, one would hope that
any inifinities cancel out in the ratio to produce a finite answer. So we can
already see a possible approach to ameliorating the issue of normalizability
of the Kodama state. Of course, zeta function regularization procedures are
still applicable to (28)
Un-normalizability of the Kodama state is an outstanding issue which
has been conjectured by Witten et al to be sufficient reason to discard it as
physical state [11]. This may perhaps be true of Yang-Mills theory, but one
of our main goals in this series of works is to resolve this issue for quantum
gravity. Two main works have addressed the issue of the normalizability of
the Kodama state, under certain simplifying conditions. In [29] and [30],
Randono transforms the Kodama state into a pure phase ΨKod ∼ exp
[
iICS ]
by choosing the Immirzi parameter β to be real, which makes it delta-
function normalizable as has been verified in [4] to linear order, and Smolin
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[9] conjectures that by including matter, the analog of the Kodama state
can maybe be made normalizable by constructing wavepackets from a basis
of states labeled by eigenstates of the slow-roll parameter of the scalar field
φ. We will in this and the next paper construct a generalized Kodama
state for gravity coupled to the Klein-Gordon scalar field and ultimately for
more general models, in analogy to the pure Kodama state. But for the
time being we shall first introduce the princple of the semiclassical-quantum
correspondence.
3 Quantization of the constraints and the semiclassical-
quantum correspondence
In order to determine the physical states of quantum gravity the procedure
for canonical quantization of constrained systems, developed by Dirac [17],
can in some sense be used as an alternative to the reduced phase space
method introduced below. In this procedure one promotes the canoni-
cally conjugate variables (Abj , σ˜
i



























and defines a Hilbert space for the quantum operators to act on. Taking a




∣∣Ψ〉, the action of (Aˆai , ˆ˜σjb) are represented respectively
by multiplication and functional differentiation









According to Dirac, the physical Hilbert space ΨPhys forms the subset of
the full Hilbert space satisfying the quantum version of the constraints,
with operator ordering taken into account. We will attempt to find physical
states in the simultaneous kernel of the quantum contraints for an operator
ordering with the ’momenta’ to the left of the ’coordinate’ variables.
Gˆa(x)Ψ[A] = Hˆi(x)Ψ[A] = Hˆ(x)Ψ[A] = 0 ∀x. (31)
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, the Gauss’ law constraint, which
is a statement of the invariance of the quantum state under SU(2)− rotations
of the connection, reads
δΨ
δθa(x)








Note that the quantum condition on the quantum wavefunction Ψ implies
the an identical condition on its ’phase’ I, which can be viewed as a semi-
classical condition. This is a semiclassical-quantum correspondence for the
Gauss’ law constraint, due to the constraint’s being linear in momenta. The
diffeomorphism constraint is a statement of the invariance of the wavefunc-












= HˆiΨ[A] = Ψ[A]ǫijk
δI
δAaj (x)
Bja(x) = 0. (33)
The Gauss’ law and diffeomorphism constraints, kinematic constraints, do
not correpspond to physical transformations. The Hamiltonian constraint
is the dynamical constraint, which does encode nontrivial dynamics of the
theory in this case since it is at least quadratic in momenta.
δΨ
δN (x)
= HˆΨ = 0. (34)

















where κ = G~Λ/6. On the one hand, one can see that due to the operator
ordering chosen there exists a nontrivial solution in which the operator in
square brackets annihilates the state
[

















(G~)−1I[A] = 0 ∀k, c. (36)
One can read off the functional differential condition
δI
δAck(x)
= −6(GΛ~)−1Bkc , (37)
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from which, if one could ’functionally integrate’, one could explicitly de-
termine I and construct a wavefunction. The condition is defined on a
particular 3-surface Σt on which the constraint is evaluated. Let us contract
the left-hand side of (37) by the time derivative A˙ai (x) and integrate over all














which is nothing but the definition of the time derivative of a functional of
an independent variable Aai defined on 3-space in terms of the evolution of
the variable. Recall that for functional variation on the infinite dimensional








It so happens, then, that I˙ is a total time derivative. Integrating from
t = t0 to t = T , one has that the functional I evolves from the initial
3-surface Σ0 to the final 3-surface ΣT









trF ∧ F = ICS[A(ΣT )]− ICS[(Σ0)], (40)
where we have used the results from (13). We can now write down the
solution to the quantum Hamiltonian constraint as
Ψ[A] = ΨKod[A] = exp
[−6(GΛ~)−1ICS [A]. (41)
So the quantum state Ψ[A] and the semiclassical state ΨKod coincide
to all orders with no quantum corrections. We will define this property,
the ’Semiclassical-Quantum Correspondence (SQC). The usual prescription
whereby which a classical theory gets promoted to its quantum counterpart
is a rough rule of thumb which leads to an ambiguity in quantum theories to
choose from of order ~. The correct quantum theory is fixed by comparison
with experiment. However, we have demonstrated that from the infinite set
of possibilities to choose from, there is a unique quantum theory: that which
matches the classical theory exactly to all orders vis-a-vis the Kodama state.
Since classical, and not quantum, gravity has a firm experimental basis, then
it must be that the quantum theory which matches it does so as well. Thus,
it appears that as long as one looks for states for which the semiclassical-
quantum correspondence holds, then one can be assured of constructing a
consistent theory of quantum general relativity testable by experiment.
It appears, ostensibly, that we may have made some artificial manipu-
lations to take advantage of the particular embedding of Σ into M via the
3+1 decomposition of spacetime in making the identification of x used in
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the Hamiltonian constraint (in M) with ~x = ~x(t). However, note that the
self-duality condition arising from the Hamiltonian constraint holds not only
in Σ but at all points inM and that each point in M can be associated with
some Σ although there is no a-priori unique way of choosing the Σ. The 3+1
decomposition allows one to see the results clearly for a particular foliation,
but one could definitely perform a covariant Lagrangian description of the
theory if desired. This is, however, not necessary since the Kodama state
provided the correct answer for the pure gravity with Λ case. Also, note that
the time derivatives in the action couple (Aai (t), σ˜
i
a(t)) (which is associated




a(t+∆t)) (which is associated to Σt+∆t and likewise
for φ via













and through this coupling effectively allow the state to evolve in time
ΨWkb(Σt) −→ ΨWkb(Σt+∆t). This evolution transfers the wavefunction from
initial configurations on Σt0 to final configurations on ΣT and could perhaps
lead to a resolution of the problem of time in quantum gravity. The pure
Kodama state has no ’memory’ of this evolution of the fields within M , but
only of the fields on the 3-dimensional spatial boundary Σ = ∂M . This
is because of cancellations within M and manifests itself as a topological
feature of pure gravity. We will see that when matter fields are included,
in particular ’nontopological matter fields’, the corresponding generalized
Kodama state does apparently have a ’memory’ of this internal evolution
within M .
Had one not been aware of this special operator ordering by Ashtekar
which allowed factorization of the Hamiltonian constraint, essentially re-
ducing a condition cubic in momenta to a condition linear in momenta for
which the semiclassical-quantum correspondence holds as in the kinematic
constraints, one might conceivably have been led to expand the Hamiltonian



















Ψ[A] = 0 (44)
where the first term in (44) is the semiclassical part of the constraint, does
not contain any divergences and can be solved directly leading to the Ko-
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dama state. The q1 and q2 terms containing divergent coefficients of δ
(3)(0)







































Here the funtional dependence upon the position x is suppressed and the
functional derivatives in q1 and q2 can now be interpreted as partial deriva-
tives with respect to the functional dependence of I on Aai , valid at each
point x. The divergent factors arise due to evaluating multiple functional














In a usual treatment of loop quantum gravity, divergences might be reg-
ularized using a regulator ([28],[5]). A possibility adapted for use in the




















where limǫ→0fǫ(x, y, z) = δ
(3)(x − z)δ(3)(x − y) on states in the loop or in
the spin-network representations [5]. Another method to avoid infinities is
to work with minisuperspace models ([15]) for which the infinities are elimi-
nated in exchange for a simpler model containing a finite number of degrees
of freedom (spatial homogeneity of the fields). It is debated whether min-
isuperspace reduction commutes with quantization, but nevertheless vari-
ous models have provided valuable intuition and insight. For the Kodama
state, which corresponds to pure gravity with no additional fields present,
q1 = q2 = 0 and no regulator is required. Hence the semiclassical-quantum
correspondence holds for at least one state in the full (nonminisuperspace)
quantum theory of gravity.
A reasonable question to ask is what physical theories admit a pure Ko-
dama state. It has been demonstrated [3],[27] the construction of such states
by alternate methods for N = 1 and N = 2 supergravities in 4-dimensions.
In [2] a canonical analysis was performed for N = 3 supergravity. The reason
that no such Kodama state seems to have been constructed, to the present
author’s knowledge, is due to the fact that for N ≥ 3 there automatically
12
exist additional lower spin fields which ruin the topological nature of the
models that exibit the SQC. We will ultimately demonstrate, in this series
of publications, a new way to extend the SQC to such theories. But first,
let us illustrate some ways in which the correspondence can be broken.
ß
4 Quantum gravity coupled to matter: Breaking
the semiclassical-quantum correspondence
When quantum gravity in Ashtekar variables with cosmological constant Λ
is coupled to matter fields, an interesting effect happens. The SQC remains
intact for the kinematic constraints due to the fact that the kinetic terms
of the matter fields are generally no higher than second-order in matter
momenta, and the corresponding Lie algebra of constraints still closes on
these constraints [8]. So the problematic constraint is the dynamic one, the
Hamiltonian constraint. The Hamiltonian constraint is what distinguishes
one diffeomorphism-gauge invariant theory from another, and leads to the
aforementioned ambiguity amongst quantum theories of gravity arising from
the same classical theory.
Let us take for our matter field, a Klein-Gordon scalar field φ with scalar















































+~Gδ(3)(0)(q1 + q) + ~
2G2(δ(3)(0))2q2
]
Ψ[A] = 0 (49)
where 12π
2 is the semiclassical part of the Klein-Gordon field kinetic energy,
its eigenvalue on the state, and q is its contribution to the quantum terms






and q1 and q2 are the gravitational contributions. We can write the Hamil-
tonian constraint as
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HˆΨ[A] = (Hcl +Hct)Ψ[A], (51)
whereHcl is the semiclassical part of the constraint andHct are the quantum
terms. Let us focus first upon Hcl. Since this term coincides exactly with





as a classical momentum corresponding to the Ashtekar connection Aai . We
will attempt to construct an analog of the Kodama state for this model.










we multiply the π
2
2 term of (49) by 1 in this form and rewrite the semiclassical





























A possible nontrivial solution for nonzero σ˜ia is to require A
ab
ij = 0 and S
ab
ij =
0 ∀ i, j, a, b, which is the condition that the symmetric and antisymmetric
parts of a vanishing tensor must separately vanish. This Ansatz can be
motivated by analogy to the pure gravity case, for which there is no Sabij .
The condition Sabij = 0 would imply that ∂iφ = 0 ∀i. This may appear to be
restrictive, but let us nevertheless proceed as though Sabij can be neglected
and examine the consequences.
So we must have Aabij = 0. A nontrivial solution, in direct analogy to the








∀ k, c. (57)












which is a cubic equation in detσ˜. We illustrate in detail the method of
closed-form solution in the appendix, for completeness, as this will be a re-
curring theme in the construction of semiclassical states for a general model.
The polynomial structure of the constraints expressed in the Ashtekar vari-
ables is the major simplification of general relativity which makes this pos-
sible. This method of finding the roots of the polynomials is attributed to
Ferarri. Note that the existence of a meaningful solution rests on the non-
degeneracy of the spatial 3-metric (detσ˜ 6= 0). Recall that in the case of
pure gravity there was no such restriction, which allowed for an unrestricted
range of integration in the computation of norms (and hence naive diver-
gence from the cubic term of the pure Kodama state). The restriction to
nondegenerate 3-metrics hij when matter is included may perhaps be inter-
preted as the requirement that the signature of the metric be fixed. Then
hopefully this may in turn impose a suitable restriction upon the range of
detA that would make it easier to explicitly compute norms in the general
case.
A solution to (58) upon substitution back into (57) leads to the condition
σ˜ia(x) = −(Λeff )−1Bia(x) ∀ x, (59)
which can be interpreted as a ’generalized’ self-duality relation of the Ashtekar
electric to magnetic field, with a generalized field-dependent ’cosmological














This is analogous to the phenomenon of dispersion in Maxwell theory for
electromagnetic waves propagating in a material medium. Due to the pres-
ence of the matter field the Ashtekar electric field has become distorted from
its pure gravity value σ˜ia = −6Λ−1Bia, or alternatively, rescaled itself in an
attempt to restore the broken semiclassical-quantum correspondence.
However, the SQC could not totally be restored since the quantum terms
proportional to q1 and q2 still remain and one is left with the relationship
for the state
HˆΨWkb[A] = HclΨ[A]Wkb (61)
which is a statement that the Hamiltonian constraint can be satisfied only
to within order G~ by this method. We have denoted the state ΨWkb to
indicate that it is only a semiclassical, and not quantum, state corresponding
to Einstein’s general relativity. The semiclassical-quantum correspondence
has been broken, with a complicated effective cosmological constant to boot.
But what if we could find a starting action Imod that when quantized
by the Dirac procedure, leads to the disappearance of all quantum terms?
Then ΨWkb would be a quantum state, not a quantum state for Einstein’s
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general relativity, but rather for a theory that differs from it by quantum
counterterms.




does the trick, since the functional variation of the action with respect to N



















π2 −Hct = 0. (63)
When quantized via the Dirac procedure, Hˆ brings down the appropriate
terms as necessary to cancel out Hct. This becomes
ΨˆWkb[A] = (Hcl +Hct −Hct)ΨWkb[A] = HclΨWkb[A] = 0, (64)
which can be solved exactly by the algebraic method outlined. Note that
the quantum counterterm operator Hˆct acts by multiplication on the A
a
i
dependence of the state ΨWkb and not by functional differentiation, since
we can explicitly determine Hct. As far as the π dependence, we will assume
that there is a similar relationship between the semiclassical momentum φ
and the corresponding field π = π(φ) that permits the elimination of the
latter.
For a generalized self-duality condition of the general form σ˜ia = fB
i
a,






























































This is a purely nonperturbative result.
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5 Semiclassical orbits of spacetime
Let us examine the semiclassical orbits of the spacetime resulting from the
constraint. We will use the minisuperspace approximation for simplicity,
but nevertheless should be able to derive some nonperturbative analytical
information from the solution to the constraint. We would like to determine
possible nonperturbative effects upon the mechanisms of inflation. It is
known that the pure Kodama state possesses as one of its semiclassical
orbits the deSitter spacetime [21], which corresponds to an exponentially
inflating universe with metric







We would like to determine what type of spacetimes the generalized
Kodama semiclassical state predicts. In the case when the matter field is
a Klein-Gordon scalar field we should hope to attain a closer analysis of
inflation which can be compared with observational data. Starting from the










































π˙ = iNV ′detσ˜ (71)
where V ′ = (∂V/∂φ). We will use an isotropic spatially homogeneous, imag-
inary connection as in [21], hence
Aai = if(t)δ
a
i −→ Bia = −f2(t)δia, (72)
where f(t) is a spatially homogeneous function of time. We now apply the
generalized self-duality condition arising from the Hamiltonian constraint


































We also make the observation as in [21] that since N is a scalar density it
goes as det−1/2σ˜ ∝ f−3(Λeff )3/2. In what follows we will not be rigorous
with the interpretation of factors of i and are interested in the functional
relationships among the variables. Numerical constants and such factors of
i can always be absorbed into the definition of N . Substituting into the























































The following relations will be useful in nonperturbatively deducing the












(2α)−2/3 ∼ α−2/3. (79)
Note that α → 0 corresponds to an infinite curvature singularity, cov-
ering perhaps the initial stages of the universe starting from the big bang
scenario and that α → ∞ corresponds to degenerate curvature, perhaps
closer to the universe of today (nearly flat spacetime).











































Rewriting the equations of motion, for completeness, we have the two
simultaneous classical equations of motion for the Ashtekar/Klein-Gordon







































and substituted into the second equation of motion to determine the evo-
lution of the scalar field φ, and also used to determine the evolution of the








We are now ready to examine some regimes of interest.
(i) First regime: Big bang singularity (detB → ∞): In this limit we have











where k = 2cos(ln
√














where B0 is the value of the Ashtekar curvature at the singularity at t = 0.





from ref[21] one may naively conclude that this
is an exponentially decaying rather than inflating spacetime. However, the
factor of V multiplying the exponential in (87) causes an initial expansion
for increasing positive V , which then begins recontraction at some critical
time. Whichever phase we are in today, if this is an accurate model, would
have to be prior to that critical time. Note that the negative sign on hij
would imply a Lorentzian signature for that spacetime.




V , then we do get an
exponentially inflating universe of Euclidean signature, inflating faster than
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the exponential rate. The main result from this analysis is that whether or
not the universe underwent a period of inflation fixes the signature of the
spacetime. To ascertain how the initial period of inflation progresses we must
examine the equation of motion for φ. Note, also, that for negative potentials
V (φ) the metric exhibits oscillatory behavior with Euclidean signature. The

















This can be examined for various forms of the potential. For instance, for
a mass squared term V (φ) = 12m
2φ2 this yields, upon taking the logarithm










which can be solved, if necessary, by numerical methods or even by Taylor
expansion by taking repeated derivatives. This should be the case for any
potential V (φ). Using a power series Ansatz of the form φ(t) = a0 + a1t+
a2t
2+a0t
3+..., to find the short time behavior close to the initial singularity,
it suffices to know the initial field a0 = φ(0), its initial velocity a1 = π(0) and
its initial acceleration a2 = π˙(0) to find the next important term, yielding










t3 + ... (90)
for a potential of the form V (φ) = Λ4!φ












with a power series solution, at short times, of














t3 + ... (92)
It would be an interesting exercise to compare different potentials in the
3rd-order term of the expansion for within short times (the Planck time or
before) of the singularity, assuming there was a big bang scenario, to obtain
any experimentally verifiable effects delineating qualitative behavior of the
resulting spacetime.
(ii) Second regime: Region of possible signature change (detB → 0): In this
limit we have Λeff → 0, but we would like to capture the specific functional













or that the metric depends not upon the curvature, but upon a ratio r =
(π2/V ), the ratio of the Klein-Gordon field kinetic energy to its potential
energy. This is known as the slow-roll parameter, which by [9] is a measure
of the departure of the dynamics from inflation. The three-metric is then
given by hij = r1/3δij , or is constant in time for all configurations with the
same value of r. So in other words, if the spatial 3-metric for the regime that
we live in today does not change in time, then we must be in a configuration
of balance between the scalar field kinetic and potential energy, which would





















The equation for φ can be rewritten
d2
dt2











































If f = 0 then the scalar field kinetic energy is fixed with respect to its
potential energy, and must approach a numerical constant. Hence we would
have
limf→0π
2 = const −→ φ˙ = c −→ φ = ct+ d, (100)
where c and d are numerical constants of integration. V depends on φ, which
would mean that the potential energy would change with time as well, which
is a contradiction. This means that we must have c = 0 and the potential
energy is fixed- therefore the scalar field is in an equilibrium configuration.
So its constant kinetic energy must be zero. The end result is that in this
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regime the scalar field is in equilibrium. But if the spatial 3-metric is not
singluar in this zero curvature regime (hij = r−1/3δij), then it must be the
case that the potential V has also decayed to zero. The Klein-Gordon field
has dissipated away due to the expansion of the universe into its final state,
labelled by the slow-roll paramter r.
6 Construction of the generalized semiclassical Ko-
dama state
We have determined, by exactly solving the classical version of the Hamil-
tonian constraint, the analog of the self-duality condition for the Kodama
state in terms of a field-dependent cosmological constant Λeff and the ef-
fect upon the evolution of the spacetime in various regimes. Of note, in
the latter regime of section 5 there was a parameter r that determined an
equilibrium state of the universe. It would be interesting to examine the
generalized Kodama state corresponding to this evolution. But before we
can actually construct the generalized semiclassical Kodama state we must
verify consistency of the Hamiltonian constraint with the kinematic con-
straints. Recall that this exact solution is based upon regions for which the
spatial gradients of φ are negligible. Incidentally, spatial inhomogeneity of
the scalar field is one of the conditions required for inflation [9]. Note that
the Ashtekar connection, unlike the φ Ansatz, does not a-priori have to be
spatially homogeneous (as in minisuperspace models) even though we have
considered the spatially homogenoeus case.





a + π∂iφ = −Λeff ǫijkBjaBka = 0, (101)
due to antisymmetry, again consistent with the Ansatz of a spatially uniform
scalar field. Now for the Gauss’ Law constraint we have
Ga = Diσ˜
i
a = −Di(ΛeffBia) = −ΛeffDiBia −Bia∂iΛeff (102)
The first term on the right hand side in (102) vanishes due to the Bianchi
identity, however in order for the second term to vanish we must have Λeff
independent of position. Recall that Λeff = Λeff [V (φ), π,detB], hence any
position dependence must occur implicitly through the arguments φ, π and
detB. We will make an Ansatz for the scalar field momentum π in terms
of the slow-roll parameter r, as alluded to in [9]. r is a measure of the






or by the ratio of the scalar field kinetic energy to its potential energy. This
is motivated by the suggestion of [9] for the construction of normalizable
states from wavepackets of eigenstates of the slow-roll parameter. The net
result of this ansatz is that the dependence of Λeff collapses into Λeff =
Λeff [V (φ), π,detB] = Λr[V (φ),detB], where r is the numerical parameter










∂idetB = 0. (104)
The first term on the right hand side of (104) is zero due to spatial homo-
geneity of φ, which implies that detB must as well be spatially homogeneous.
Note that this does not imply that the Ashtekar connection Aai necessarily
be spatially homogeneous, but rather the determinant of its curvature. The
end result of this is that in order to satisfy the classical constraints for
∂iφ = 0, Λeff must indeed be spatially homogeneous and we can therefore
write down the generalized semiclassical Kodama state, in analogy to (38),


















−(GΛr)−1iBiaA˙ai + (2rV )1/2φ˙
)
. (105)
where we have labeled Λeff = Λr Note that unlike for ΨKod, the ’effective’
cosmological constant can be in general time dependent due to the general
time dependence of its spatially homogeneous arguments φ and detB, and
therefore cannot be factored outside the dt integral in (105) although it can
be factored outside the spatial d3x integral. So it is not, strictly, the same
object as Λ, which is a numerically constant parameter corresponding to
the pure Kodama state. Performing the analogous manipulations as in (38),
































where the trace is taken over SU(2)− indices, and we can write down the
generalised semiclassical Kodama state due to the Klein-Gordon field cou-

























So a general result is that the starting action for a general gravity-matter


















can be viewed, as far as the constraints are concerned, as a new action
resembling pure gravity with a ’redefined’ cosmological constant Λeff plus








e ∧ e ∧R− + Λeffe ∧ e ∧ e ∧ e
)
+Θ[φ(Σ)]. (110)












H ∧ F + (GΛeff~)H ∧H
)
. (111)
The similarity in structure to BF theory may allow importation of some
of the techniques and methods of topological field theory and perturbation
theory into quantum gravity, particularly when constructing the quantum
analog of these semiclassical states or when computing their norm. Since the
expansion ’parameter’ GΛeff~ is dimensionless (like its pure gravity coun-
terpart GΛ~, one would expect a renormalizable perturbation expansion, at
least at the classical level.
Recall that to detemine the quantum contribution to the starting action
that Hct must be integrated against the lapse density function N , which
acts as a test function. In the case of the spatially uniform Klein-Gordon
field treated here one must set f = −(Λeff )−1 and carry out the calculation,
which we will not do here.
The point is that the starting action for which we can construct an exact
quantum state to all orders in perturbation theory is
Smod = SAsh − ~Gδ(3)(0)
∫
M






The action contains infinities which must be regularized, and although
it reduces to classical general relativity in the ~ → 0 limit, it is not quan-
tum general relativity. In a seperate publication we will outline a method
to transform ΨWkb, the exact quantum state for Smod, into Ψ, the exact
quantum state for quantum general relativity SAsh.
7 Discussion and future directions
The Kodama state has been presented from a new perspective in congruity
with the principle of the semiclassical-quantum correspondence. It is the in-
terpretation in this and subsequent works that by studying the relationship
of the Kodama state to the SQC and the accompanying self-duality relation,
one can discover the steps required to construct a finite, renormalizable and
consistent quantum theory of gravity for the more general case. It can be
argued, issues of normalizability aside, that such a theory already exists for
the Kodama state. An initial attempt at generalizing the Kodama state to
more general models has revealed that by rescaling the Ashtekar magnetic
field relative to its electric counterpart by a field-dependent factor, the ad-
ditional matter fields of such models can be nonperturbatively incorporated
into the state, at least at the semiclassical level.
In the case of the Klein Gordon field considered, the price for partially
restoring the SQC in the nonperturbative construction of the state, was an
unwieldy set of highly singular quantum correction terms. The existence of
these terms amounts to a modification of the starting action from Einstein’s
general relativity to a different theory, which can be regarded as highly un-
satisfactory. Nevertheless, a physical interpretation of the semiclassical limit
~ → 0 of this theory, which is Einstein’s theory, revealed some interesting
nonperturbative effects which could be examined in further detail within the
context of inflation models.
Another property of the Kodama state which we have attempted to
capitalize and generalize upon, is its distinct relation to topological field
theory. It is shown that the analogy for the general case is structurally
similar, except for the replacement of the cosmological constant Λ with a
field-dependent ’effective’ cosmological constant Λeff . The interpretation
of this field dependence in relation to the pure Λ case is that the entire
history of the evolution of the dynamical variables within the 4-dimensional
manifold M is required in order to construct the state in the former, as
opposed to just their boundary values on ∂M in the latter. It is conjectured
that this relates to the problem of time in quantum gravity for which there
is no apparent evolution of physical quantum states, at least for the pure
Kodama state.
In the next and in subsequent works we will illustrate how to generalize
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the self-duality condition even more, so as to restore the SQC exactly to all
orders for a general gravity-matter model. The ultimate result of our investi-
gation, it is hoped, will be additional insight into, if not explicit construction
of, a finite and renormalizable quantum theory of gravity in Ashtekar vari-
ables due to the existence of these ’generalized’ Kodama states. We will
also demonstrate, by combining canonical and path integral approaches to
quantization, a method to compute the partition functions corresponding
to these generalized Kodama states and thus to broach the issue of their
normalizability.
8 Appendix A: Roots of the cubic polynomial in
closed form
We illustrate in detail the well-known methods of Cardano and Ferrari
for finding roots of a cubic polynomial, due to its reoccurence in the majority
of the models that will come under consideration via our new method for





















then we must solve
(κ+ ρx)3 + xdetB = ρ3x3 + 3ρ2κx2 + 3ρκ2x+ κ3 + xdetB = 0 (115)
















































We choose r = −(κ/ρ) so that the y2 term in (117) drops out and we end

















we obtain the equation
























































We are being thorough with the terms so as not to lose any appropriate













































































A quick review of the mass dimensions of all quantities indicates that the
formula is dimensionally consistent
[V ] = 2, [π2] = 2, [detB] = 6 (129)
since the energy momentum tensor has two mass dimensions due to multipli-
cation by G in Einstein’s equations, and the curvature has mass dimension







x = y − κ
ρ
−→ κ+ ρx = ρy = π
2
12









where Λeff is the ’effective’ cosmological constant, which is now field-dependent
due to the effects of matter, andX is given by (here we will take into account
the proper regimes arising from the cubic equation, but for the purposes of





















































These possibilities take into account, for the various combinations of
detB and Ω, whether the state falls into the Lorentzian (oscillatory) or into
the Euclidean (tunelling) regions. In any event, Λeff [X] appears to be a
slowly varying function of X. Using sinh(x) ∼ x for small x and sinh(x) ∼
1
2e








Λeff (X) = V
1/3(2X)−2/3 (134)
9 Appendix B: Derivation of the generalized Ko-
dama semiclassical state. A preview
Starting from a generalized self- duality condition
σ˜ia = ΨabB
i
b = −(Λeff )−1δabBib, (135)












































In the last line of eq(136) we substituted σ˜ia = ΨabB
i
b and made use of the
Ashtekar SU(2)− Gauss’ law Diσ˜
i
a = Qa = 0. Qa is the matter SU(2)−
charge, which is zero in the case a Klein-Gordon scalar field, which trans-
forms trivially under SU(2)−.




0) is a total 3-divergence which can be
converted into a surface integral over the 2-dimensional boundary ∂Σ of the


















This term can be made to vanish by choosing the Ashtekar connection
to be pure gauge on the boundary of a compact manifold (or pure gauge
at infinity for a noncompact manifold) such that B∂σ → 0 if the Ashtekar
magnetic flux is not confined to Σ (e.g nˆ · ~Ba 6= 0, by requiring that the
flux is confined nˆ · ~Ba = 0 with no other restrictions on ~Ba, or by choosing
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Aa0∂σ = 0. The latter choice would correspond to eliminating all gauge

















Writing this in covariant notation (keeping in mind that we are still working



















a ∧ F b +A · J) (139)
which resembles the form of a topological theory coupled to a matter field
with SU(2)− spin current 4-vector J
µ
a , except for the complicated functional
dependence in the ’coupling constant’ upon the dynamical fields. Note that
in the case Ψab = −6(~GΛ)−1δab eq(139) reduces to the second Chern’s
class on M without matter, which is a topological invariant of the manifold
M for constant Λ, which via Stokes theorem produces the Chern-Simons
functional, which leads to the Kodama state. This formula can also viewed




















where Λab is the inverse of the CDJ matrix Λab = (Ψ
−1)ab. This will be con-
venient for performing perturbative expansions of the generalized Kodama
states around topological field theories when computing partition functions,













a ∧ F b +A · J) (141)
which can be taken as the starting point for the path-integral approach
for finding generalized Kodama partition functions via the path integral
approach. The aformentioned ’memory’ of the interior time evolution of the
fields, and thus the state, is encoded in a 4 vice 3-dimensional integral (141).
For Ψab ∼ Λ−1δab the this turns into a boundary integral leading to ΨKod.
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